The disk partition function of the open topological string computes the spacetime superpotential for D-branes wrapping cycles of a compact Calabi-Yau threefold. We use string duality to show that when appropriately formulated, the problem admits a natural geometrization in terms of a non-compact Calabi-Yau fourfold without D-branes. The duality relates the D-brane superpotential to a flux superpotential on the fourfold. This sheds light on several features of superpotential computations appearing in the literature, in particular on the observation that Calabi-Yau fourfold geometry enters the problem. In one of our examples, we show that the geometry of fourfolds also reproduces the D-brane superpotentials obtained from matrix factorization methods.
Introduction
Much of the progress in our understanding of topological string theory on Calabi-Yau threefolds has been driven by its numerous intersections with physical superstring theory. For a non-compact Calabi-Yau, input from string dualities led to a computation of both open and closed topological string amplitudes to all orders in perturbation theory by means of the topological vertex [1] . Recently, these results have been verified by mathematicians [2] . In a lesser measure, progress has also been made with regard to topological string amplitudes on compact Calabi-Yau manifolds. For example, closed topological string amplitudes have been computed in perturbation theory up a very high genus in [3] .
For the open topological string on the quintic, the disk amplitude has been computed for an involution brane in a ground-breaking paper by Walcher [4] . In this case there are no massless open-string deformations, and the disk amplitude depends on closed-string moduli alone. The results of [4] have subsequently been verified by mathematicians in [5] .
More such examples were studied in [6, 7, 8] , the results of which were formalized in [9] within the framework of Griffiths' normal functions [10] .
Despite the successes of [4] and subsequent papers, a more general framework is desirable. In particular, the topological string disk amplitude can depend on massless openstring moduli -a situation which lies outside the scope of [4, 9] . Moreover the topological string on a disk computes the D-brane superpotential. The superpotential, corresponding to the classical brane action in topological string field theory, is naturally an off-shell quantity. For example, the superpotential for a B-brane wrapping a curve is given by
where C is any curve, not necessarily holomorphic, and B(C) is a three-chain with C as its boundary. The critical points of (1.1) with respect to variations of the brane embedding are holomorphic curves. Restricting to the critical locus, one recovers the normal functions of [4, 9] .
A method for computing the off-shell superpotential (1.1) for "toric branes", first defined in [11] , has been proposed in [12, 13] , following [14, 15, 16] , and extended to compact Calabi-Yaus in [17, 18, 19] . For these branes, the superpotentials (as well as the openstring flat coordinates) are the solutions to a system of "open/closed" Picard-Fuchs equations, which arise as a consequence of "N = 1 special geometry". For closed string, the Picard-Fuchs equations can be read off from the associated gauged linear sigma model (GLSM). The authors of [18] extend this formalism and associate an auxiliary GLSM to the open/closed Picard-Fuchs system, thus treating open and closed-string moduli at the same footing.
While these results are remarkable, their physical underpinnings remain somewhat mysterious. In formulating the Picard-Fuchs system, one must specify a divisor in the B-model geometry. This divisor is only a part of the combinatoric data which enters into the definition of the curve C as a toric brane. The role of this divisor then requires some explanation. In addition, the appearance of the auxiliary GLSM begs for a physical interpretation. Finally, the methods of [4] extend beyond the class of toric D-branes, and so there should be some appropriate generalization of the techniques of [12, 13] which allows for the treatment of these other cases.
In this paper, we show that duality of the physical superstring explains these remarkable results. Consider the theory obtained by wrapping a D3 brane on a holomorphic two-cycle C in the compact threefold X 3 . The theory on the brane has N = (2, 2) supersymmetry in two dimensions, with the superpotential (1.1) computed by the disk partition function of the topological B-model with boundary on C. We will argue that the same superpotential is generated by a modified brane configuration, with an additional D5 brane wrapping a divisor D, and the D3 brane dissolved as world-volume flux. Note that this is not a duality; the modified configuration only produces the same answers for a certain subset of physical quantities. In particular, the moduli space for D is not equivalent to the configuration space of the curve C. The superpotentials of the two theories must agree only for those variations of C which are encoded in variations of the moduli of the divisor. In fact, given X 3 and C we argue that the superpotential is the same for any configuration of D3, D5 and D7 branes where the D3 charge brane ends up localized on C.
The superpotential is also the same for any other D-brane configuration related by dimensional reduction/oxidation in R 3,1 . Fore example, the superpotentials for a D3 brane and a D5 brane wrapping the curve C are the same. Our choice is such that the D-branes have codimension two in R 3,1 . For D-branes of lower codimension, only a subset of these models are consistent due to RR tadpoles. Tadpole cancellation in these cases requires the introduction of ingredients, such as orientifold planes, that are extraneous to the problem at hand. 1 For higher codimension, the branes break more spacetime symmetries, complicating the problem. For this reason, the superstring embedding we have chosen is the most natural.
S-duality of type IIB string theory relates the D5 branes on D to NS5 branes, with the flux remaining invariant since it is generated by a dissolved D3 brane. By further compactifying and T -dualizing one of the directions transverse to both X 3 and the NS5 branes, the branes are geometrized. The resulting configuration is then type IIA on a non-compact Calabi-Yau fourfold X 4 . The flux on the NS5 brane is T -dualized to RR four-form flux G 4 on X 4 , which generates a flux superpotential of the form,
where Ω (4, 0) is the holomorphic four-form. Duality and the BPS nature of the superpotential guarantee that the superpotential (1.2) is the same as (1.1) as a function on appropriate moduli space. Moreover, since (1.2) can be expressed in terms of closed-string periods of a Calabi-Yau fourfold, it is clear that the superpotential will satisfy a system of Picard-Fuchs equations which also encode the appropriate flat coordinates. This explains the appearance of the auxiliary toric data of Calabi-Yau fourfolds in [14, 18] . Our approach is more general, however, allowing one to go beyond the category of toric branes.
The formalism of [12, 13, 17, 18, 19] , then, does not strictly reflect the physics of B-branes wrapping curves, but rather that of B-branes wrapping divisors D with non-trivial worldvolume flux. 2 In particular, to extract the disk amplitude for a B-brane on C, one must specify not only the divisor, but the first Chern class of the gauge bundle as well; on the Calabi-Yau fourfold, this corresponds to the choice of the RR flux. However, the distinction is for most purposes immaterial, as long as one is only interested in the superpotential.
The paper is organized as follows. In section two, we discuss the relation between D3 branes on C and D5 branes on divisors containing C. In particular, we show that upon the introduction of the appropriate fluxes on the D5 branes, the superpotentials for the two configurations agree. We then turn the chain of dualities that relates the D-brane geometry in IIB to a IIA flux compactification on a non-compact Calabi-Yau fourfold, which we give explicitly. We explain the role of mirror symmetry for Calabi-Yau threefolds and fourfolds in this context. In section three, we present detailed computations for a number of examples, which illustrate a variety of circumstances in which our prescription is of use. Among other things, we show that we can reproduce earlier results of [21] obtained from matrix factorizations. In an appendix, we discuss the relation of the methods developed here to the toric geometry approach of [18] . [20] .
3 While this paper was in preparation for submission, two related works appeared [22, 23] .
B-brane Superpotentials on Calabi-Yau Threefolds
Consider a D3 brane which wraps a curve C inside a Calabi-Yau threefold X 3 . This gives, in the non-compact directions, a 1 + 1 dimensional theory with N = (2, 2) supersymmetry. When C is genus zero, there are no bundle moduli associated with the gauge fields on the D3 brane, and so any light degrees of freedom will arise from variations of the D-brane embedding. The number of massless chiral fields is equal to H 0 (C, N C ), the number of holomorphic sections of the normal bundle to the curve in X 3 , which encode infinitesimal, holomorphic deformations of the curve. On general grounds, the normal bundle splits as
Since an O(k) bundle has k + 1 holomorphic sections, the number of massless deformations for the curve is n. For n = 1, there is one massless adjoint chiral field. This does not imply that the curve has finite holomorphic deformations -there may be obstructions at higher order. Such an obstruction is encoded by a superpotential for the moduli [24] . This superpotential is computed at string treelevel by the topological B-model, with boundaries on C. Alternatively, this amplitude can be computed in terms of the classical geometry of the brane configuration [11] ,
where Ω (3, 0) is the holomorphic three-form on X 3 , and B(C, C * ) is a three-chain with one boundary on C, and the other on a homologous, reference two-cycle C * .
In the generic case, the normal bundle to a curve is O(−1) ⊕ O(−1). This corresponds to n = 0, and there are no massless fields on the brane. The B-model disk amplitude then depends on the closed-string moduli alone, i.e., it measures the superpotential (2.1) evaluated at its critical point with respect to open-string variations. This scenario has been studied in [4] . The dependence of the physical D-brane superpotential on massive brane deformations can nevertheless be interesting and relevant to the low-energy effective theory above a certain scale [24] .
In practice, evaluating these chain integrals directly from first principles is difficult. For the mirrors of non-compact, toric Calabi-Yau threefolds, the computations are rendered tractable by the relative simplicity of the geometry. This is not the case when the CalabiYau is compact, and so we will instead explore an alternate approach.
There are other brane configurations in string theory that give rise to the same superpotential (2.1). For example, we may consider a D5 brane which wraps a divisor D ⊂ X 3 . The divisor has h 2,0 (D) complex moduli. Each such modulus corresponds to a massless chiral field on the D5 brane. This moduli space is lifted when there is non-trivial flux on the D5 brane world-volume. In particular, take the flux F to be Poincaré dual to a curve C ⊂ D,
For a generic D5 brane embedding, supersymmetry will be broken by the flux. A condition for unbroken supersymmetry is that the gauge bundle on the brane be holomorphic,
This condition is equivalent to the requirement that the curve C be holomorphicthe same requirement that is enforced at the critical points of (2.1). In fact, it can be shown that the flux (2.2) generates precisely the superpotential (2.1) for an appropriate subset of open-string deformations. The superpotential due to the flux (2.2) can be written [26, 27, 28, 29, 30] 
where Γ is a five-chain which interpolates between D and a homologous reference divisor D ⋆ and F is the appropriate extension of the flux as a closed form onto Γ (obtained by taking the Poincaré dual to B(C, C ⋆ )). By Poincaré duality, this superpotential can be rewritten as
which matches (2.1) for deformations which are common to the two brane systems.
Alternatively, one could consider a D7 brane which wraps all of X 3 . The superpotential for the brane is the holomorphic Chern-Simons functional,
A ∧∂A ∧ Ω (3, 0) .
Consider now turning on world-volume flux, F ∧ F , which is Poincaré dual to the curve C,
It is easy to see [11] that the D7 brane superpotential is the same as (2.1). Namely, locally, near C we can write Ω (3,0) = dω 4 There is an additional supersymmetry constraint on J ∧ F , where J is the Kähler form on the four-cycle [25] . This is interpreted in four dimensions as a D-term constraint, and so does not affect the superpotential.
for a two form ω. Integrating by parts and using (2.6) we can write
which is the same, up to a constant as (2.1).
From the superstring perspective, the superpotentials (2.1), (2.4), (2.6) are all identical since they have the same have the same origin -the D3 brane charge that is supported on C. For example, world-volume flux on a D5 brane of the type described above carries D3
brane charge due to a Wess-Zumino coupling on the brane world-volume of the form
where C (4) is the four-form RR potential. When F is as in (2.2), this reduces to
so the D5 brane carries the charge of a D3 brane wrapping C. Similarly, turning on (2.6) on the D7 brane, gives it a charge of a D3 brane supported on C.
String duality and Calabi-Yau fourfolds
The reformulation of the superpotential computation in terms of a D5 brane wrapping a divisor is of great use due to a duality which relates the problem to the classical geometry of Calabi-Yau fourfolds.
First, type IIB S-duality exchanges D5 branes and NS5 branes, leaving D3 branes invariant. So, we could have equivalently obtained (2.4) as the superpotential for an NS5
brane on the divisor D. Even though S-duality exchanges strong and weak coupling, the superpotential remains invariant when we compare the two theories at weak coupling. One way to see this is to note that the supersymmetry constraints (2.3), which are reproduced by the superpotential (2.4), are the same for both D5 and NS5 branes. Next, we compactify and T -dualize on one direction of R 3,1 transverse to the NS5 brane. T -duality on this circle relates IIB to IIA and geometrizes the NS5 branes. The resulting geometry preserves 1 + 1 dimensional Lorentz invariance and N = (2, 2) supersymmetry, so it is a Calabi-Yau fourfold, which we denote by X 4 . Since one of the two directions transverse to the NS5 brane remained non-compact, the fourfold is non-compact as well.
The fourfold X 4 can be described explicitly as follows [31, 32, 33] . In X 3 , to the divisor D is associated a line bundle L D over X 3 and a section f D , such that D is the zero-locus of the section,
The Calabi-Yau X 4 is a C ⋆ fibration over X 3 which degenerates over D, and can be described globally as
where u or v go to infinity is deleted, so the manifold is non-compact. The fiber over a given point of X 3 is a copy of C ⋆ described by
This fiber has the topology of a cylinder, and is mirror to the R × S 1 formed by the two directions transverse to the NS5 brane and to X 3 . It degenerates to uv = 0 over the divisor D that was wrapped by the NS5 brane.
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There are several immediate and important consequences of this correspondence.
First, the moduli of the divisor entering into the choice of section f D become complex structure moduli of X 4 . The holomorphic three-form on X 3 lifts to the holomorphic four-
The compact, Lagrangian four-cycles of X 4 come in two different flavors. First, every closed
Lagrangian three-cycle lifts to a Lagrangian four-cycle when combined with the S 1 in the fiber. In addition, there are four-cycles which project to three-chains in X 3 with boundaries on D. The generic fiber over the chain is still an S 1 , but the circle now degenerates over D, capping off a closed cycle in X 4 . Note that this means that the Lagrangian T 4 fibration of X 4 is related to the Lagrangian T 3 fibration of X 3 by simple inclusion of the S 1 fiber. 5 The correspondence between the open/closed-string geometry of the D3/NS5 brane system on X 3 and the geometry of X 4 is related to the duality of IIB on Calabi-Yau orientifolds to F-theory on Calabi-Yau fourfolds [29] . In the present case, X 4 is a fibration over X 3 with noncompact fiber. The main simplification here is that, due to the low codimension of branes, there are no tadpoles on X 3 to begin with. Correspondingly, the dual fourfold is non-compact.
These observations imply that the superpotential (2.1) can be represented, on the Calabi-Yau fourfold X 4 , as the period of Ω (4,0) over an appropriately chosen four-cycle
Such a superpotential for the complex structure moduli can only be generated by the presence of RR four-form flux G 4 on X 4 . The flux generated superpotential is [34] 
We now show that T -duality indeed implies that flux on the NS5 branes maps to the fourform flux of just the right value that W f lux is equal to W in (2.11), thus providing a check for the duality.
One way to study the superpotential generated by fluxes is to study the corresponding BPS domain walls [34] . To begin with, the superpotential (2.1) in IIB on X 3 is generated by world-volume flux F on the D5 brane which is supported on a curve C. Different vacua
is the three-chain that interpolates between two curves, the relevant domain wall is a D3 brane which wraps B(C 1 , C 2 ), with boundaries on the D5 brane. Under S/T -duality, the D3 brane domain wall becomes a D4 brane wrapping a special Lagrangian four-cycle
. This domain wall interpolates between vacua where RR four-form flux shifts by an amount Poincaré dual to L 4 (B),
Inserting this in W f lux (2.12) we precisely recover (2.11).
Thus the problem of computing the open-string superpotential (2.1) is rephrased as determining the periods of the holomorphic four-form on X 4 which control the flux superpotential (2.12). Before proceeding to the calculation of such periods in explicit examples, however, we discuss the role played by mirror symmetry for the Calabi-Yau fourfolds in these geometries.
T -duality and mirror symmetry for fourfolds
Mirror symmetry provides another piece of evidence for the proposed correspondence.
We recall in advance that mirror symmetry for Calabi-Yau n-folds can be interpreted as T n duality on Lagrangian T n fibers [35] .
To begin with, consider IIB on X 3 with a D3 brane wrapping C before adding D5 or NS5 branes. Mirror symmetry for Calabi-Yau threefolds is a T 3 -duality on the special Lagrangian open-string moduli, the disk amplitude has the form
where (q, Q) denotes the relative homology class of the disk, the sum over n is a sum over multi-covers and N q,Q are integers. We have added a polynomial quadratic in u to cover the case when the moduli are actually massive, i.e., the Lagrangian has the topology of an S 3 and b 1 (L) = 0. There can still be holomorphic disks ending on the brane, whose Kähler moduli u are expressible in terms of the Kähler moduli t of the Calabi-Yau, corresponding to the extrema of the quadratic part of the superpotential. An example of this in the non-compact setting was given in [36] .
Now consider adding NS5 branes on the divisor D to the IIB setup on X 3 . If we perform a T 3 -duality on the Lagrangian T 3 fibers now, the NS5 branes will again be geometrized. This is because a T -duality on an odd number of circles transverse to the NS5 branes geometrizes them. Here, the NS5 branes wrap a divisor, so only one of the Tdualized circles is transverse to them. The theory preserves the 1 + 1 dimensional Lorentz invariance and N = (2, 2) supersymmetry, and so the dual geometry is again a Calabi-Yau fourfold. In fact, this fourfold Y 4 is nothing but the mirror of X 4 ! To see this, note that the T 4 fiber of X 4 is an S 1 fibration over the T 3 fiber of X 3 . The statement then follows upon refining mirror symmetry on the fourfold as T 4 -duality in two steps: a T -duality relating X 4 to NS5 branes on X 3 , followed by a T 
This implies that the superpotential on Y 4 is
where k is the complexified Kähler form. In particular, inserting the jump in the flux over the D4 brane domain wall (2.15), we precisely recover the BPS tension of D4 brane on
It is a remarkable fact, and a check of the duality chain proposed here, that the flux superpotential (2.16) in the fourfold has, at large radius, the integral expansion (2.14) [39, 38] . For this, it is crucial that there are only four-form fluxes turned on, which is exactly what is needed for the theory to be dual to IIA on Calabi-Yau threefold Y 3 with D4 branes wrapping a Lagrangian three-cycle L.
Before we turn to examples, note that we have made no a-priori restriction on D. In particular, the divisor D does not have to be a "toric" divisor. When D is toric (and X 3 a hypersurface in a toric variety), it is easy to see that the Calabi-Yau fourfold (2.10) has the same complex structure as those in [18] , so our results are guaranteed to agree.
Examples
In this section, the observations of the previous sections are applied to a number of brane configurations on families of Calabi-Yau threefolds. The first examples will focus on D3 branes wrapping degree-one rational curves on the quintic in the vicinity of the Fermat point. These brane configurations have been studied in [21] using matrix factorization/worldsheet CFT methods, and the results reported here will agree with those obtained previously. The second set of examples draws from the class of "toric branes" near the large complex structure point of the mirror quintic. These branes have previously been discussed in [18] . The present treatment will agree with those results, but will provide a new interpretation for some of the methods involved in the calculations. Finally, we consider several examples of branes on complete intersection Calabi-Yaus which were studied recently in [8] .
In all of these examples, our approach will be results-oriented and will not include an exhaustive analysis of the fourfold geometries involved. In particular, we will not attempt to derive the complete set of Picard-Fuchs operators for the fourfolds, and will instead settle for a set of differential operators which uniquely determines the periods of interest given the desired leading-order behavior. We will borrow the overall normalization of the superpotentials from results elsewhere in the literature, leaving a careful intersection/monodromy analysis for future study.
D-branes on the Fermat quintic
The starting point for this first set of examples is the Fermat quintic, given by the hypersurface in IP 4 ,
There are continuous families of rational curves on this quintic, which we specify by their parameterizations in terms of homogeneous coordinates (u, v) on a IP 1 as (x 1 , x 2 , x 3 , x 4 , x 5 ) = (au, bu, cu, v, −ηv)
where η is a fifth root of unity. There are fifty such families, corresponding to ten partitions of the x i into groups of two and three, and five values of η. For later convenience, we denote these families thusly,
2)
The coefficients (a, b, c) are only defined up to an overall scaling, so each family is parameterized by a complex one-dimensional curve which is a hypersurface in IP 2 . Each family of curves intersects another family at points where one of the homogeneous coordinates vanishes.
The presence of continuous families of rational curves is non-generic, and perturbing the bulk complex structure will lift (some of) the families, leaving only isolated curves. Such a perturbation should therefore generate a superpotential for D3 branes which wrap these cycles. Such a scenario was explored in [21] , where worldsheet CFT techniques were used to compute the superpotential at leading order in such a bulk perturbation as an analytic function on the open-string moduli space.
In order to compute the superpotential for one of these families of curves using the methods of section two, a family of divisors must be chosen such that each divisor is transverse to the family of curves, and each member of the family of curves is subsumed by a single member of the family of divisors. In particular, choosing divisors
the Picard-Fuchs equations for the associated fourfold will encode the superpotential for any of the fifteen families Σ i45 m . For a given value of φ, this divisor encompasses the curve with φ = −b/c, and so allows for a good parameterization of the family away from the points at c = 0. For simplicity, we restrict to monomial perturbations -the case for more general perturbations can be treated by the same methods. In particular, the following two bulk perturbations will lead to qualitatively different physics on the D3 branes,
6 By making the change of variables φ → φ −1 , one can equally well recover the physics in the neighborhood of c = 0.
The superpotential for the family of D3 branes is encoded in the periods of a noncompact Calabi-Yau fourfold X 4 . The line bundles introduced in section two to facilitate construction of the fourfold construction can be identified simply as the bundles O(n) →
It follows that X 4 is a complete intersection in IP 6 × C given by
with the points (0 : 0 : 0 : 0 : 0 : x 6 ; x 7 ) deleted. The periods of Ω (4,0) for these geometries can be computed using standard methods, as we now summarize.
For the first bulk perturbation g 1 (x 3 , x 4 , x 5 ), the D3 brane moduli spaces for the families Σ Picard-Fuchs operators 7 for the fourfold (3.8) can be derived using the residue representation for periods of the holomorphic four-form [10] ,
where γ 1 × γ 2 × Γ α is a tubular neighborhood constructed about the desired four-cycle,
and the w i are the scaling dimensions of the homogeneous coordinates. We initially represent the hypersurface in terms of redundant parameters on the fourfold moduli space,
where the algebraic coordinates on the moduli space can be given in terms of these parameters by a rescaling of the x i , .
The periods expressed in terms of the redundant parameters, 12) can be related to the physical periods (3.10) according tô
It is easy to produce differential operators which annihilate the periodsΠ α (a i , b i ) because differentiation with respect to the a i , b i can be performed under the integral. As such, we obtain the following operators,
These operators in turn are equivalent to relations on the periods written in terms of the algebraic moduli,
where, after factorizing, the operators can be written as
with θ z ≡ z∂ z .
Among the solutions to these Picard-Fuchs equations are four that depend only on ψ, and which correspond to solutions which would have arisen in a similar analysis of the periods of X 3 . In addition, there are four φ-dependent solutions, from amongst which we identify two of interest, These results are in agreement with those of [21] . In particular, the term in Π 1 which is linear in ψ 1 can be written in terms of a hypergeometric function as
Up to the overall normalization, this exactly matches equation (3.14) of [21] for this choice of bulk deformation. It is clear from this derivation, however, that the physical basis for writing the superpotential is not in terms of φ, but rather in terms of the flat coordinate t which represents an appropriate period of X 4 . Moreover, the overall normalization of the superpotential should be adjusted by the fundamental period of the fourfold as in conventional mirror symmetry calculations. We note that the fundamental period, Π 0 (z) for these fourfolds is identical to that for the related threefold -in particular, it is independent of φ -and so the change in normalization doesn't effect the superpotential at leading order in the ψ 1 . However, for higher order corrections, it should be the normalized result which would match any CFT computation such as those performed in [21] . In light of these considerations, we display the physical superpotential, The second bulk perturbation also lifts the D3 brane moduli space for the families Σ For each family, this leads to five solutions, each of degeneracy two, at b = 0. Thus, D3 branes wrapping these curves find themselves at the critical point of a higher-order superpotential. The normal bundle to each of these curves is N Σ = O(1)⊕O(−3). However, only one of the holomorphic sections of the normal bundle is encoded by the variation of φ for the divisor. 8 As a result, the following derivation produces the superpotential with respect to only one of the massless deformations.
As before, the differential relations forΠ α (a i , b i ) can be determined, 20) where by rescaling the homogeneous coordinates the algebraic moduli for the fourfold can be found in terms of the redundant parameters,
The resulting Picard-Fuchs operators which annihilate the periods Π α (ψ 2 , φ 2 ) are (after factorizing) given by
(3.21) There are four φ-independent solutions which are determined purely by the geometry of the threefold, and four additional φ-dependent periods. Of these, the relevant flat coordinate and superpotential are given by t = φ 1 + It is worth noting that there is no solution which could correspond to a massive superpotential for φ. The superpotential Π 2 can be written at leading order in ψ 2 in hypergeometric form,
which agrees with equation (3.14) of [21] . The superpotential should again be expressed in the physical normalization in terms of flat open and closed-string coordinates, giving 
Toric branes on the mirror quintic
A class of D-branes which has been well studied in the context of open-string mirror symmetry are "toric branes," first described in [11] , to which we defer for their description in terms of toric geometry. They were originally introduced as non-compact brane geometries in local Calabi-Yau threefolds, but more recently, progress has been made in understanding the extension to the compact case [17, 18] . We consider one of these examples from the perspective of the dual fourfold, and reproduce the same Picard-Fuchs equations and superpotentials which were derived in [18] based on a somewhat formal application of toric geometry/GLSM techniques.
The bulk geometry is the one-parameter family of quintic hypersurfaces in IP 4 given
The D3 brane geometries of interest are degree-two rational curves, with the following parameterization,
where α 5 = β 5 = −1. These are rigid curves, so there are no massless open-string moduli.
In [18] , these branes were described in the framework of toric geometry by identifying them as components of the intersection in the mirror quintic of two of the following three toric divisors,
By choosing one of these as the physical divisor for our prescription, we expect to reproduce the D3 brane superpotential with respect to certain massive open-string deformations as well as the bulk modulus ψ. As opposed to the previous examples, there are no privileged massive deformations that are singled out by the brane geometry. Consequently, there is no preferred choice for the physical divisor, and the off-shell superpotentials for the different branes will not match. However, the on-shell value of the superpotential with respect to the open-string degrees of freedom should be independent of the choice of divisor. Since the first and second divisors are related by a permutation symmetry, we will consider
9 For our purposes, this can be either a one-dimensional slice of the complex structure moduli space of the quintic, or the Z 3 5 orbifold of these geometries which constitutes the mirror quintic.
which contain information about the supersymmetric D3 branes at φ 1 = 1 and φ 2 = ψ, respectively. The relevant line bundles for this configuration are
The dual fourfold is a complete intersection in the weighted projective space IP 5 111151 × C, with the points (0 : 0 : 0 : 0 : 0 : x 6 , ; x 7 ) removed. The defining equations are
We now turn to the derivation and solution of the Picard-Fuchs equations for these fourfolds.
For the first divisor, D 1 (φ 1 ), we proceeding in a manner analogous to the previous examples and find, after factorization, the following Picard-Fuchs operators,
where we expand about the large complex structure point of the mirror quintic, so have introduced z = ψ −5 . The holomorphic curves in question are located at φ 1 = 1, and so we look for solutions to these equations expanded about that point, as a function of φ = φ 1 − 1. There are precisely two solutions which are functions ofφ 1 and finite at z = 0,
4 (1 − 120z) + . . . does not affect the present discussion.
11 These can be obtained most easily as the GKZ-operators associated with the charge vectors which define the toric bulk/brane geometry, as in [18] . However, it is easy to see that the fourfold introduced above gives rise to the same operators. This result precisely matches those of [4, 18] , which were obtained through a variety of different methods.
We now turn to the second divisor, D 2 (φ 2 ). This is precisely the divisor which was studied in [18] , and we reproduce the results here for completeness. Following [18] , we choose to work in terms of algebraic variables
with respect to which the Picard-Fuchs operators are given by
(3.32)
The expected critical point is at z 2 = −1, z 1 = ψ −5 . To find a good expansion for the solutions to the Picard-Fuchs equations, we introduce coordinates
as a function of which the superpotential can be found in a power-series expansion, This matches the results obtained above using the first divisor (3.31), although the physical theories on the different NS5 branes are inequivalent.
IP
5 [3, 3] Our next example is a one-parameter complete intersection Calabi-Yau, studied recently in [8] . The geometry is mirror to the intersection of two cubics in IP 5 , and can be described as the quotient
Where the W 1 and W 2 are the most general cubic polynomials invariant under the appropriate discrete symmetry group G = Z 2 3 × Z 9 ,
The curves studied in [8] are determined by the intersection of two hyperplane divisors in
This intersection is reducible, being comprised of one line and two degree four curves, the rational parameterizations of which can be found in [8] .
We introduce a fivebrane on the divisor D 1 , which we embed in the one-parameter family of divisors,
The line bundles for this configuration are then 36) and the dual fourfold is a complete intersection
12 As in the examples on the mirror quintic, one can equally well consider this to be a special case of the larger A-mode geometry, IP 5 [3, 3] .
in IP 6 × C with the points (0 : 0 : 0 : 0 : 0 : 0 : x 7 ; x 8 ) removed. Picard-Fuchs operators can be derived in the usual way, leading to
where we've introduced local variables z = (3ψ) −6 , w = φ 3 . The holomorphic curves in question are located at φ = 1, so we find solutions expanded about the pointŵ = w−1 = 0.
There are twoŵ-dependent solutions which are finite at z = 0, 2 − x 1 x 2 x 3 .
The curves in question are contained in the intersection in X 3 of the two divisors
where α i = ±i. The intersection consists of one line and three degree-five curves.
We introduce a fivebrane on the divisor D 1 , which is embedded into the one-parameter family of divisors given by
The line bundles for this configuration can be chosen as
and the dual fourfold is a complete intersection Again, we've chosen the linear combination of solutions to match the results of [8] .
Appendix A. Toric Methods
In this appendix, we demonstrate the equivalence of the fourfolds derived by T-duality with those obtained using toric geometry/GLSM techniques in the case of toric branes [18] . We will take one of the branes of section 3.2 as our example. From the toric data which defines the brane geometry in question, the methods of [40] allow for a derivation of the appropriate B-model geometry.
Recall that in the context of toric geometry, the quintic is described by the charge vector of the associated GLSM, 1, 1, 1, 1, 1 ).
Moreover, a certain class of "toric branes" can also be encoded in a similar charge vector [11] . In particular, for the charge vector
the mirror B-brane on the mirror quintic wraps the divisor
The approach of [18, 13, 15] was to "enhance" these charge vectors to define an auxiliary GLSM for the open/closed-string geometry as follows where θ a i = a Q ′ a,i θ z a . It is straightforward to check that the operators defined in this way match those obtained by our methods in section three.
Moreover, by applying the methods of [40] , we can further derive the B-model geometry which is defined by this toric data. Starting with the non-compact toric variety given by (A.1), the mirror Landau-Ginzburg theory has twisted superpotential W = the first delta function is satisfied automatically. This change of variables is only one-toone after dividing out by aC ⋆ × Z (A.14)
Again, the first delta function is satisfied automatically, while the second delta function can be enforced to fix with ψ and φ defined above. These periods are then given by integrals of the holomorphic four-form on the Calabi-Yau fourfold defined by H = 0. This formulation makes manifest the structure of the fourfold as a fibration of a Calabi-Yau threefold over a cylinder, as in [14, 22, 23] .
A similar analysis to these can be carried out for the other toric examples. However, the derivation in terms of T-duality is more general, since it also applies to cases which cannot be described within the "toric brane" framework.
